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INTRODUCTION 
Let Q be a bounded nice domain in W and let f be a nonnegative continuous 
function on the boundary aQ of Q. For X 3 0 let h(h) be the uniquely determined 
solution to the elliptic boundary value problem (A - A) h(h) = 0 in 9, h(X) = f 
on Z?. It is proved below that for fixed x E G the function 91~ : h -+ h(A)(x) is 
completely monotone in the sense that (- 1)” 9$)(h) > 0 for 1z E N and X 3 0. 
The result depends heavily on the maximum principle, and we prove actually 
that the result holds even when A is replaced by quite general elliptic and para- 
bolic second-order differential operators. 
The result about A was used in [l] in connection with an elliptic boundary 
value problem on Tm for an elliptic operator with infinitely many variables. 
1 
Let us first sketch a proof of the above result in the case off and when the 
boundary of 52 is sufficiently smooth. If we differentiate the equation 
A h(h)(x) = Ah(h)(x) 
n times, 12 3 1, with respect to X we get 
A -$ h(A)(x) = h $ h(h)(x) + n g h(h)(x). 
Suppose for induction purposes we know that 
(1) 
(-l)“-1 & h(h)(x) > 0 for XEQ andsome 7t > 1. 
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Then by (1) 
(A -A)((-l)“&h(X)(x)) <O for xEQ, 
and since h(h)(x) = f(x) for x E a.Q we have (-l)n(d”/dXn) h(X)(x) = 0 for 
x E as. By the maximum principle for elliptic operators, cf. [2, p. 1511, we then 
get 
d” 
C-1)” dh” ww 3 0 for x E 52, 
and the induction is completed. It follows that h t+ h@)(x) is completely mono- 
tone for all x E Q. 
To verify the differentiability properties of h(h)(x) in x and h which are 
necessary in order that the above proof is rigorous one uses the fact that the 
solution h(X) is smooth up to the boundary iffand &Q are smooth, cf. [2, p. 2001, 
and furthermore that a resolvent of operators depends analytically on the param- 
eter. 
Since we want to extend the result to operators with nonsmooth coefficients 
the above method is not available. 
2 
The basis for a proof in the nonsmooth case is the fact that completely mono- 
tone functions can be characterized by properties of iterated differences, cf., 
e.g., [6]: A function h: IO, co[ -+ [0, co[ is completely monotone if and only if 
C-1)” AtI . ..A.4 30 for all n E N and all t, ,..., t, > 0. 
We will now formulate an abstract theorem which can be applied to different 
boundary value problems. 
Let E and F be two ordered real vector spaces, let E, be a subspace of E and 
let L: E,, + E and R: E. -+ F be two linear mappings satisfying the following 
hypotheses: 
(i) VfgFVX >03!h(h)eE,[(L-ii)h(X) =OandRh(h) =f]. 
(ii) VgEE,,Vh>,O[(L-A)g<O,Rg>O=s-g>O]. 
In the applications E is a space of functions on the domain a for which the 
boundary value problem is to be solved with respect to the differential operator 
L, and F is a space of functions on the boundary of Q. The mapping R is the 
restriction to the boundary. 
For a mapping h: [0, co[ + E into an ordered vector space E and for t > 0 we 
define A,h : [0, a[ + E by 
A,h(h) = h(X + t) - h(A), 
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and we can form iterated differences 
where t, ,..., t, > 0. Notice that two different operators A, and At, commute. 
We say that h: [0, co[ --+ E is completely monotone, if h > 0, :.e., h(h) >, 0 for all 
h > 0, and (-1)” dtn ... d,rh > 0 for all n E N and all tl ,..., t, > 0. 
We then have the following result: 
THEOREM 1. Let E, , E, F, L, and R be as above satisjying (i) and (ii), and let 
f E F+ be fixed. 
Then the mapping h: [0, CQ[ -+ E, dejked by (L - h) h(h) = 0 and Rh(X) = f 
is completely monotone. 
Proof. It follows by (ii) that h(A) 3 0 for all h > 0. For A, p >, 0 we find 
(L - 4 W = (CL - 4 44 (2) 
and then for t > 0 
(L - W&4) = (P - 4 444 + th(p + 9. 
More generally, for n E N, t, ,..., t, > 0 and A, p 3 0 we have 
(L - wtl ..* 4,hw 
= (P - 4 AtI ... 4,W + tAz ..- At,h(p + td 
+ tzdt, At/ A,,+ + tz) + ... + tn4, ... At,JG + tn). 
(3) 
(4) 
We prove (4) by induction. Suppose that (4) holds for some n E N and let us 
prove that it then holds for n + 1: 
(L - wtl --- 4~+(tW) 
= (L - WI ... A,,@ + &+A - AtI .+- 4,W) 
= (P + tn+l - 4 AtI ... A,,& + tn,,) - (P - 4 AtI .** At,&4 
+ tAz ... A,,@ + t,, + tl) - t4tz ... At,& + tl) 
+ t,Atl ... A,,-lh(tL + tn+l + tn) - &At1 ... At,-,hk + tn) 
= (P - 4 AtI .‘. At,+,44 + Qtz ... At,+$(p + tl) + ... 
+ tn+Al ... At,+ + tn,,). 
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Putting CL = A in (4) we get 
(L - 4vt1 ... At,h(A)) = tlAtz ... A,nh(A + tl) + ... + t&, ... A,,Jz(A + tn). 
(5) 
If for the purpose of induction we assume that 
for some n > 1, arbitrary t, ,..., t,-, > 0 and h 2 0 we get by (5) that 
(L - A)((-1)” AtI ..* dtnh(h)) < 0 for all X 2 0, 
and since 
N-1)” Al ... A&h(h)) = (-1)” AtI ... d,R(Rh)(A) = 0 
because Rh is constantly equal off, (ii) implies that 
t-1)” AtI ... Atnh(h) 3 0 for all h > 0, 
and the induction is completed, so h is completely monotone. 
3. EXAMPLES 
EXAMPLES 1. Let G be an open subset of Rn and let L be the differential 
operator 
(6) 
where the functions ai, , bi , c for i, j = I,..., n are locally Lipschitz functions in 
G and (aJx>) is assumed positive definite for all x E G. 
(a) Suppose c < 0 in G. Let Sz be a bounded domain with a C G such 
that Q is regular in the sense of classical potential theory, and put 
E = C(i-2), 
L : E,, --f E is the mapping defined by (6), 
Rg =g/ aQforgEE,,. 
Then it follows by the results of [5] that the hypotheses of Theorem 1 are 
satisfied. 
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(b) c is of arbitrary sign. A result similar to (a) holds but only for D 
sufficiently small. 
EXAMPLE 2. Let G be an open subset of Iw” and let L be the differentia1 
operator (6) where we now assume that the coefficients are Cm and that L can be 
decomposed as 
L=ixkz+I:+c (7) 
k=l 
where Xi ,..., X, and Y are Cm-vector fields on G, and c is a @-function. 
Instead of supposing (Q(X)) positive definite for all x E G we only assume that 
(Q(X)) is positive semidefinite and that 9(X, ,..., X, , Y) has rank it at every 
point of G cf. [3]. 
Let Q be a bounded domain with D C G which is “very regular” in the sense 
of Bony [3]. If supa c > 0 we also suppose that Q is sufficiently small. If we put 
E = P(Q), 
E,, = {f E E j f extends continuously to 01, 
and let F, L, and R be as in Example 1, it follows by results in [3] that the 
hypotheses of Theorem 1 are satisfied. 
EXAMPLE 3. For further examples where Theorem 1 can be applied we refer 
to [4, p. 80 and p. 951. 
4 
Let us consider Example l(a) more closely and let us use the notation estab- 
lished there. For f E C+(i%2) we denote by h(h) the uniquely determined 
function in E,, for which LA(A) = M(h) and h(h) = f on %J. 
It follows from Theorem 1 that for every x E Q the function vr : h -+ h(h)(x) is 
completely monotone on IO, co[ in the ordinary sense, in particular it is Cm. 
We claim that vz is continuous at 0, in fact much more holds: 
p? h(A) = h(O) uniformly on Q. 
To see this we use that there exists a constant y > 0 depending on 52 and L 
such that 
s;Plju <Y(supILuI +s;u$ul) 
sa 
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for all u E C(Q) n Cz(Q), cf. [2, p. 1521. Since h(O) - h(h) belongs to C(o) n 
C2(Q) and is 0 on ZJ we get 
so by the maximum principle 
and the assertion follows. 
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